Abstract: This paper investigates the approximated arbitrage bounds of option prices in an incomplete market setting and draws implications for option pricing and risk management. It gives consideration to periods of global financial crisis and European sovereign debt crisis. To this end, we employ the gain-loss ratio method combined with the market-implied risk-neutral distribution calculated by binomial tree to investigate the options price bounds. Our implied gain-loss bounds of option prices are preference-free and parametric-free to avoid the misspecification error of subjective choice on the benchmark model of gain-loss ratio, and consequently, greatly reduce model risk and market risk. The empirical results show that there are option prices breaking the gain-loss bounds, even after taking into account the market information. This means that a good risk management technique and good-deal investment opportunities exist if the implied binomial tree is used as a benchmark model in the gain-loss bounds.
Introduction
Asset pricing is an essential issue in financial economics. There are two main fundamental ideas that are explored in asset pricing: "equilibrium valuation" and "arbitrage-free valuation". If markets are complete, we can directly derive the equilibrium state prices by solving the individual agent's optimization problem, which maximizes the individual's utility function subjected to the wealth constraints. Following the equilibrium arguments, the Black-Scholes options pricing formula can be derived in a discrete-time economy [1, 2] , and the literature calls this an equilibrium valuation or a model-based pricing model. On the other hand, the arbitrage-free valuation, known as no-arbitrage pricing, says that a securities market price is arbitrage-free if there are no arbitrage opportunities [3] . A bundle of basis assets with given prices and an absence of arbitrage opportunity restricts the admissible set of pricing kernels. If the markets are complete, there is only one strictly positive vector of pricing kernel that correctly prices the basis assets. However, if the number of basis assets is fewer than the states of nature, the admissible set contains many pricing kernels that yield a range of asset prices [4] . For market participants, the main problem is that the prices obtained from the Black-Scholes model differ significantly from observed prices which have serious consequences for market participants measuring the market risk [5] .
Two classical models, the good-deal bound model [6] and the gain-loss ratio model [7] , propose a framework to unify the model-based model and no-arbitrage pricing model and tighten the pricing assumptions which are serious, difficult to remedy, and may destroy the arbitrage foundations of the Black-Scholes model. Our method provides an effective way to capture well the tail effects of the underlying asset distribution for both sides, which can provide market participants with a better model for option pricing and risk management.
The remainder of this paper is organized as follows: Section 2 presents the model based on a risk-neutral pricing kernel and sets the IBT method that can be employed to derive market-implied probability from the option data. Section 3 describes the selected S&P 500 index option data and shows the estimated market-implied gain-loss option price bounds. Section 4 offers several conclusive considerations and implications.
Methodology: Gain-Loss Pricing Bounds

The Properties of Gain-Loss Ratio
Gain-loss ratio is a very appealing, interesting model with many advantages [30] . We briefly review the result of the gain-loss ratio and its application for the valuation of uncertain payoffs that were developed by Bernardo and Ledoit [7] . Let z = [ z 1 , . . . , z s ] ∈ Z be the random payoffs and x = z − (1 + r f )π( z) be the excess payoffs where π( z) is payoff function. We define x + = max( x, 0) as the positive part and x − = max(− x, 0) as the negative part. b is the basis assets portfolio which payoff comes close to z from below and above, and B represents the space for basis assets. We define two subsets for B, A 1 and A 2 , which can be expressed as
where E * [•] denotes the expectation value under the risk-adjusted probability measure.
is the gain-loss ratio, hereinafter referred to as L. And the gain-loss price bounds of a contingent claim are ∀ z ∈ Z subject to z / ∈ B max
As L increases, the bounds become wider; when L decreases, the bounds become narrower. In the limit, as L increases to infinity, the bounds converge to the no-arbitrage bounds; as L goes to unit, the bounds converge to the benchmark model price.
The Implied Risk-Neutral Probability and IBT Model
Rubenstein's IBT method [11] is introduced as follows. Firstly, assuming S j for j = 0, . . . , n are the underlying asset prices at the end of the tree from lowest to highest. We denote the terminal ending nodal risk-neutral probabilities as P j and Σ j P j = 1.P j can be inferred from the riskless interest rate, concurrent market prices of the underlying asset and its associated otherwise identical European options with different striking prices. Assuming the risk-neutral probability of one up-move over each period is p , then P j = n!p j (1 − p ) n−j /j!(n − j)! can be obtained from the binomial distribution.
As n increases, this probability distribution will approximately be log-normal. Let γ and δ be the riskless interest return and the underlying asset payout return over each period, respectively. Finally, assuming S b to be the current bid price of the underlying asset adjusted with dividend payouts and S a to be the current ask price of the underlying asset adjusted with dividend payouts. C b i for i = 1, . . . , m is the bid price at the end of the tree and C a i for i = 1, . . . , m is the ask price at the end of the tree. The implied posterior risk-neutral probabilities,P j , can be obtained from the following quadratic minimizing problem:
2 subject to
where K i is the strike price for the option traded in the market. The sum of posterior risk-neutral probabilities P j is 1 and comes closest to a prior log-normal guessing. P j makes the present values of all observed options fall between the bid and ask prices. Although we adopted a specific minimization function and a specific prior, the optimization method is quite flexible. As long as a solution exists and the number of probabilities n is greater than the number of options m, the solution will depend on the prior and minimization function chosen. The least squares form of the minimization function is just one of a number of candidates [11] (For instance, the Hellinger Distance is also a good candidate. The Hellinger Distance is defined in terms of the Hellinger integral, which is used to quantify the similarity between two probability distributions. In practice, the quadratic programming is much easier to perform than minimizing Hellinger Distance). Since our purpose is to employ the implied binomial trees model into the framework of gain-loss price bounds, we will remain on our focus. Besides, it is well known that none of the asset-pricing models can perfectly fit the real fluctuation of options, even the IBT model. A lot of factors cannot be adopted by the model, such as significant transactions costs or restrictions on short selling. However, in comparison to the BS model, IBT model has huge improvements in parameter risk control and market simulating, and it is the optimal benchmark model when you try to fit a basket option [28, 29] .
Our Methodology: Implied Gain-Loss Option Pricing Bounds
In the numerical example of Bernardo and Ledoit [7] , the authors used the Black-Scholes risk-adjusted probability as the risk-neutral probability. Our model replaces the benchmark pricing kernel by an objective market-implied density abstracting from option transaction data. Here, we apply IBT's implied risk-neutral distribution. We define two subsets for B, B 1 and B 2 , which can be expressed as
where b i is the payoff in the ith simulation of the replicating portfolio of basis assets with weight w 0 on the risk-free bond and weight w 1 on the option on the traded asset. And the IBT gain-loss price bounds of a contingent claim are
w 0 e −rt + w 1 S.
And the benchmark call options price can be calculated as
As we can see, the study of Bernardo and Ledoit [7] proposed their price bounds under the Black-Scholes risk-adjusted probabilities, which involves many restricted assumptions that have been violated in the real world. Since the implied binomial trees model can provide a computationally effective way to value options even in the presence of various violations of assumptions [11] , our modification incorporates more information which can greatly reduce the model risk of gain-loss pricing bounds. The advantages of this modification are (a) the implied gain-loss pricing bounds are parameter-free that directly conform to market data and avoid an incorrect model specification and (b) the market price of options incorporates the investor's preference and sentiments on the current market. By applying a market-implied pricing kernel, we can capture the investor's risk-taking attitude more sensitively than the pricing kernel of model-based approaches, and the extreme case is more likely to occur in the market-implied distribution which greatly reduces the market risk.
It is noticeable that, even after using the market-implied distribution, there still exits a pricing gap between the benchmark prices and market prices. First, in the above programming program, the IBT method tries to obtain an "average probability" over all strike prices at one time. This means that, in Equation (3), P j is an "average result" over various strike price K i . The risk-neutral probability P j has to coordinate the pricing errors of all the market prices with various strike prices. Therefore, when we use one market-implied probability to calculate option prices, there exists estimate errors or pricing biases across options with different strike prices. (This issue is similar to using a flat volatility curve to price all options, instead of using a volatility smile curve). In other words, we may have various risk-neutral probabilities, P j , for options with different strike prices. Here we use one risk-neutral probability, P j so that there exists some pricing gaps between real transaction prices and benchmark prices. Second, our model indeed suffers a small downside risk. Based on our model and the reality, the downside risk comes from the severe deviations from the mean-variance framework, which may result from market imperfections such as significant transactions costs, restrictions, and margins on short selling, taxes, non-competitive pricing, and other non-controllable events. Third, owing to the computational time, it is impossible to continuously calculate the market-implied density in practice. We therefore estimate the market-implied density every 30 min. There are two reasons that we update our market-implied distributions every 30 min. First, price fluctuations are quite normal in index option markets. If we update the distribution too frequently, it may incorporate too much redundant information. Second, nowadays, as we can gather the information from a more distant place than ever, the market prices of the index option may have different patterns even in a single day [31] , and that is why Rubinstein [11] updated his model three times a day in his paper. To conduct analyses of S&P 500 index options markets, some researchers updated average volume every 30 min [32] , some researchers reported autocorrelations for changes in the mean and the standard deviation of risk neutral density measured over different time intervals, from 1 min to 30 min [33] , and some researchers studied the relationship between information and price change by applying the 30 min interval [34] . Considering the tradeoff between robustness and effectiveness, the update frequency has to be set as neither too short nor too long. Following the previous literature, we chose 30 min as our model update frequency. Distinguishing volatility estimating, our method uses past or lag market data to estimate the whole distribution instead of estimating only one parameter. Therefore, we have a priori estimate on the distribution, and we then process the out-of-sample test every 30 min. The details are described in Section 3.
Data and Estimated Risk-Neutral Distribution
This section describes how the implied risk-neutral probabilities are obtained from the market trading data. The market trading data of the S&P 500 index options for both the call and put options listed in the Chicago Board Options Exchange are collected from 2 January 2008 to 30 December 2014. Most of previous literature concerning gain-loss ratio used simulated data [35, 36] . Few researchers adopt the real trading data which are low frequency and single variety [37] . Comparing to these studies, our data are quite rich and varied by using as many as a hundred simultaneously traded options on the S&P 500 index, all differing in strike price and time to expiration. We employ the MATLAB optimization procedure to perform the programming problem in Equation (3) . We calculate the risk-neutral probabilities P j of the S&P 500 index options for 200, 400, and 800 steps.
Market-Implied Distributions
The market-implied distributions are estimated every 30 min during the sample period. We plot two examples of the risk-neutral probabilities distribution of the S&P 500 index options Figures 1 and 2 , respectively. The distributions estimated from call options are depicted on the left side, and the distributions estimated from put options are depicted in the right side. These implied probabilities are plotted using 200, 400, and 800-step binomial trees. As we can see, in Figure 1 , the choice of step of binomial tree does not greatly affect the distribution shapes. However, there is a sharp distinction between the risk-neutral initial guess (normal distribution) and the market-implied risk-neutral probability distribution. The risk-neutral implied distribution is more skewed and leptokurtic. Besides, the left tail is non-smooth, which means the extreme case is more likely to occur in market-implied distribution. Nowadays, black swan events appear more than ever, such as Snowden case, fiscal cliff, government shut down and so on. So, the left tail of the distribution tends to be thicker. Rubinstein [11] also found the same phenomenon too. He argued that the risk-neutral implied posterior distribution is slightly bimodal and more highly skewed and kurtotic and the bimodality coming from the lower tail ("crash-o-phobia") is quite common during the post-crash period. Recently, the market risk has become a focus of market participants due to spectacular bankruptcies like the Baring's Bank or the investment bank Lehman Brothers. As a result, the risk-neutral implied distribution has less market risk than the normal distribution. Figures 1 and 2 , respectively. The distributions estimated from call options are depicted on the left side, and the distributions estimated from put options are depicted in the right side. These implied probabilities are plotted using 200, 400, and 800-step binomial trees. As we can see, in Figure 1 , the choice of step of binomial tree does not greatly affect the distribution shapes. However, there is a sharp distinction between the risk-neutral initial guess (normal distribution) and the market-implied risk-neutral probability distribution. The risk-neutral implied distribution is more skewed and leptokurtic. Besides, the left tail is non-smooth, which means the extreme case is more likely to occur in marketimplied distribution. Nowadays, black swan events appear more than ever, such as Snowden case, fiscal cliff, government shut down and so on. So, the left tail of the distribution tends to be thicker. Rubinstein [11] also found the same phenomenon too. He argued that the risk-neutral implied posterior distribution is slightly bimodal and more highly skewed and kurtotic and the bimodality coming from the lower tail ("crash-o-phobia") is quite common during the post-crash period. Recently, the market risk has become a focus of market participants due to spectacular bankruptcies like the Baring's Bank or the investment bank Lehman Brothers. As a result, the risk-neutral implied distribution has less market risk than the normal distribution. 
Market-Implied Option Pricing Bounds
In Section 2, we propose the gain-loss price bounds. The option prices must lie between the bounds of Equation (5) to avoid a semi-arbitrage opportunity. This section shows how to find the option price bounds under given L . Before calculating the gain-loss ratio bound, two subjective decisions have to be made. First is choosing a benchmark model to build up the theoretical prices. We employ both the Black-Scholes model (log-normal distribution) and the IBT model (marketimplied distribution) to calculate benchmark prices. The other decision is to choose the value of gainloss ratio, L , to set up the gain-loss bounds under an incomplete market. We use L = 3, 5, and 10, respectively. Table A1 . Different from Figure 3 , Figure 4 plots the price bounds of call and put options using the IBT model as a benchmark model. The values of price bounds are reported in Appendix Table A2 .
As shown in both figures, the smaller the L , the tighter the price bounds. As L is 1, the upper bounds and lower bounds converge to the benchmark prices, and as L is 200, they converge to the no-arbitrage bounds. There are two main fundamental ideas that are explored in asset pricing: modelbased pricing and no-arbitrage pricing. Model-based pricing can derive the exact price of the option and no-arbitrage pricing can derive the range of option price. The gain-loss price bounds propose a framework to unify the model-based pricing and no-arbitrage pricing by introducing additional restrictions on gain-loss ratio. It means that if L goes to one (its lower bound), the admissible set shrinks to model-based pricing containing only the benchmark pricing kernel. If L goes to infinity, the admissible set grows to no-arbitrage pricing including all pricing kernels consistent with the absence of arbitrage among the basis assets. Besides, the price bounds get wider for the at-the-money option because the at-the-money options are the least redundant ones. As shown in Figure 4 , we choose options having a time to maturity of 225 days, which makes the analyses incorporate more price fluctuations, like deep-out-of-money price. As we can see in Figures 3 and 4 , comparing to initial Black-Scholes gain-loss price bounds, the IBT gain-loss price bounds are narrower for call options in deep-out-of-money and wider for put options in deep-out-of-money, which shows different price fluctuations in market-implied distributions and gives investors a total different market trading 
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As shown in both figures, the smaller the L, the tighter the price bounds. As L is 1, the upper bounds and lower bounds converge to the benchmark prices, and as L is 200, they converge to the no-arbitrage bounds. There are two main fundamental ideas that are explored in asset pricing: model-based pricing and no-arbitrage pricing. Model-based pricing can derive the exact price of the option and no-arbitrage pricing can derive the range of option price. The gain-loss price bounds propose a framework to unify the model-based pricing and no-arbitrage pricing by introducing additional restrictions on gain-loss ratio. It means that if L goes to one (its lower bound), the admissible set shrinks to model-based pricing containing only the benchmark pricing kernel. If L goes to infinity, the admissible set grows to no-arbitrage pricing including all pricing kernels consistent with the absence of arbitrage among the basis assets. Besides, the price bounds get wider for the at-the-money option because the at-the-money options are the least redundant ones. As shown in Figure 4 , we choose options having a time to maturity of 225 days, which makes the analyses incorporate more price fluctuations, like deep-out-of-money price. As we can see in Figures 3 and 4 , comparing to initial Black-Scholes gain-loss price bounds, the IBT gain-loss price bounds are narrower for call options in deep-out-of-money and wider for put options in deep-out-of-money, which shows different price fluctuations in market-implied distributions and gives investors a total different market trading choice to avoid risks and get returns. Taking the price of the put option as an example, when the option prices are deep-out-of-money, investors will get a lower upper bound if they use Black-Scholes model as a benchmark model. Consequently, it makes them suffer a great risk generated from the rising prices of options due to the inaccurate estimate of the gain-loss price bounds. We also see that the price bounds in Figure 4 are wider than the bounds in Figure 3 . The gain-loss price bounds using market-implied distribution are wider than the bounds of a log-normal distribution. This observation is consistent with our expectations. Because the market price of options reflects the traders' opinions and sentiments, it makes the implied distribution more sensitive than the Black-Scholes' log-normal assumption, which makes the implied distribution have less market risk. This phenomenon can also be explained by the shape differences between the market-implied distributions and the initial guess in Figures 1 and 2 . The market-implied distribution is more skewed and leptokurtic than the normal distributions. Therefore, the extreme case is more likely to occur in market-implied distribution, and it results in wider gain-loss bounds. choice to avoid risks and get returns. Taking the price of the put option as an example, when the option prices are deep-out-of-money, investors will get a lower upper bound if they use Black-Scholes model as a benchmark model. Consequently, it makes them suffer a great risk generated from the rising prices of options due to the inaccurate estimate of the gain-loss price bounds. We also see that the price bounds in Figure 4 are wider than the bounds in Figure 3 . The gain-loss price bounds using market-implied distribution are wider than the bounds of a log-normal distribution. This observation is consistent with our expectations. Because the market price of options reflects the traders' opinions and sentiments, it makes the implied distribution more sensitive than the Black-Scholes' log-normal assumption, which makes the implied distribution have less market risk. This phenomenon can also be explained by the shape differences between the market-implied distributions and the initial guess in Figures 1 and 2 . The market-implied distribution is more skewed and leptokurtic than the normal distributions. Therefore, the extreme case is more likely to occur in market-implied distribution, and it results in wider gain-loss bounds.
(a) (b) choice to avoid risks and get returns. Taking the price of the put option as an example, when the option prices are deep-out-of-money, investors will get a lower upper bound if they use Black-Scholes model as a benchmark model. Consequently, it makes them suffer a great risk generated from the rising prices of options due to the inaccurate estimate of the gain-loss price bounds. We also see that the price bounds in Figure 4 are wider than the bounds in Figure 3 . The gain-loss price bounds using market-implied distribution are wider than the bounds of a log-normal distribution. This observation is consistent with our expectations. Because the market price of options reflects the traders' opinions and sentiments, it makes the implied distribution more sensitive than the Black-Scholes' log-normal assumption, which makes the implied distribution have less market risk. This phenomenon can also be explained by the shape differences between the market-implied distributions and the initial guess in Figures 1 and 2 . The market-implied distribution is more skewed and leptokurtic than the normal distributions. Therefore, the extreme case is more likely to occur in market-implied distribution, and it results in wider gain-loss bounds.
(a) (b) 
The Good Deal Trading Strategy
Following the gain-loss bounds in Section 3.2, our trading strategies are selling the options whose prices are higher than the upper bounds and buying the options whose prices are smaller than the lower bounds with a complete buy and sell trade transaction cost of 1% [38] . The key parameter in the Black-Scholes formula, volatility, is updated every 30 min in each trading day. (We use three models to forecast daily volatility: GARCH, EGARCH, and GJR-GARCH. The choice of volatility model does not greatly affect the bounds and strategy performances, so we only show the results of GARCH. Other results can be provided upon request). The market-implied distribution is also updated or re-estimated at the same frequency. Given the market-implied distribution, the theoretical price of IBT model can be calculated by Equation (5), and P j and S j are obtained from the minimizing programming in Equation (3). The buying strategy is when the price smaller than the lower bound implied by L in Equation (5), we buy the option. The selling strategy is when the price is higher than the upper bound implied by L in Equation (5), we sell the option. The investment period is once the option purchased or sold, we hold the position to maturity day. Table 1 shows the annual return of the selling strategy subjected to L = 3, 5, and 10. The benchmark price is calculated by the Black-Scholes model and the IBT model, respectively. In Table 1 , the positive returns mean that the selling strategy achieves positive returns for both strategies from 2008 to 2014. Bernardo and Ledoit [7] argued that the attractiveness of an investment opportunity is measured by the "gain-loss" ratio, which is the expectation of the investment's positive excess payoffs divided by the expectation of its negative excess payoffs. When applying our IBT price bounds to the real world, there is an important thing we need to consider: the trading opportunities. In theory, a bigger gain-loss ratio causes bigger rates of returns. But a bigger gain-loss ratio means the expectation of the investment's positive excess payoffs exceed the expectation of its negative excess payoffs far more, which appear rarely in the option markets. As a result, there is a tradeoff between the gain-loss ratio and trading opportunities. We therefore use cumulative returns to show the net returns during the whole investment period. The cumulative returns are shown in the last row in both Tables 1 and 2 . Based on the empirical results, = 10 has the highest cumulative returns in average. Thus, it is the best in reality. It means that the IBT model incorporates more market information than the Black-Scholes model which results in having less market risk and better investment performance. These findings support the statement that the IBT gain-loss price bounds are more useful than the Black-Scholes gain-loss price bounds in risk management and return performance. As mentioned above, implied binomial trees model can provide a computationally effective way to value options even in the presence of violations of Black-Scholes model's assumptions. Therefore, our IBT gain-loss price bounds will provide a better model for option pricing than initial gain-loss pricing bounds. Table 1 . Annual return of the selling strategy subjected to different L using Black-Scholes and IBT as benchmark models. Figure 5 shows the return distributions of all selling opportunities under L = 3, 5, and 10 from 2008 to 2014. In Figure 5 , as we increase the gain-loss ratio, L, the distribution shifts to the right, the returns increase, and the frequency of extreme losses decreases. However, there still exists the result of some negative returns, which means that this strategy still suffers risk in extreme cases with very small probabilities.
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of the returns are about −100%, which means that the investor loses all the option premiums in the buying strategy. In this vein, we cannot confirm that the buying strategy is a good-deal strategy as the selling strategy dose. In addition, there are some concerns when applying IBT price bounds in the real world. Firstly, the trading strategies in Table 1 are selling the options (put options or call options) whose prices are higher than the upper bounds and hold the position to the maturity. When applying our IBT price bounds to the real world, the trading opportunities need to be considered. For instance, if the gainloss ratio is identical for various years, the year that the price fluctuates more frequently will have more trading opportunities, and thus, more returns. As a result, in the year 2008, the market was in more panic than ever, and the option prices fluctuated more than the following two years, which meant more trading opportunities and more returns. Besides, during the period of the Financial Crisis in the year 2008, due to the sheep-flock effect, the deviation of options prices from the benchmark prices became larger, which made the IBT gain-loss price bounds have more extra returns than the following two years. Secondly, the market prices of options reflect the traders' opinions and sentiments, and it makes the implied distribution more sensitive than the log-normal assumption of Black-Scholes model. Since IBT bounds are much wider than the BS bounds, some reasonably good option prices based on BS bounds may not be considered in that way in our IBT bounds. These somewhat good prices in BS bounds trigger a buying signal for the investors, consequently, causing them to lose money. For instance, due to more information has been considered in our model, it gives better buying signals than that of the BS bounds in the year 2009.
In sum, the selling strategy has a good performance on average return and the buying strategy has fewer trading opportunities but a poor performance on average return. After filtering by the gainloss bounds of both strategies, the selling strategy provides a better annual return then the naïve buyand-hold strategy. Finally, the gain-loss bounds of IBT method outperform the bounds of the BlackScholes method in the sampling period. In addition, there are some concerns when applying IBT price bounds in the real world. Firstly, the trading strategies in Table 1 are selling the options (put options or call options) whose prices are higher than the upper bounds and hold the position to the maturity. When applying our IBT price bounds to the real world, the trading opportunities need to be considered. For instance, if the gain-loss ratio is identical for various years, the year that the price fluctuates more frequently will have more trading opportunities, and thus, more returns. As a result, in the year 2008, the market was in more panic than ever, and the option prices fluctuated more than the following two years, which meant more trading opportunities and more returns. Besides, during the period of the Financial Crisis in the year 2008, due to the sheep-flock effect, the deviation of options prices from the benchmark prices became larger, which made the IBT gain-loss price bounds have more extra returns than the following two years. Secondly, the market prices of options reflect the traders' opinions and sentiments, and it makes the implied distribution more sensitive than the log-normal assumption of Black-Scholes model. Since IBT bounds are much wider than the BS bounds, some reasonably good option prices based on BS bounds may not be considered in that way in our IBT bounds. These somewhat good prices in BS bounds trigger a buying signal for the investors, consequently, causing them to lose money. For instance, due to more information has been considered in our model, it gives better buying signals than that of the BS bounds in the year 2009.
In sum, the selling strategy has a good performance on average return and the buying strategy has fewer trading opportunities but a poor performance on average return. After filtering by the gain-loss bounds of both strategies, the selling strategy provides a better annual return then the naïve buy-and-hold strategy. Finally, the gain-loss bounds of IBT method outperform the bounds of the Black-Scholes method in the sampling period.
Conclusions
In this paper, we compute the pricing bounds on the S&P 500 index option based on a market-implied distribution and a gain-loss restriction. We use the IBT model to refine the market-implied distribution, which can have less market risk for proceeding in efficient risk management. The estimated risk-neutral pricing kernel implicitly reflects the investor's preference and sentiment, which can reconcile the latest information in the market and reduce the market risk. The empirical results show that when we increase the restriction on gain-loss ratio, the return of the strategies can approximately increase. We also confirm that the gain-loss bounds of the IBT method outperform the gain-loss bounds of the Black-Scholes model, which means the IBT model incorporates more market information than the Black-Scholes model; consequently, it results in having less market risk and better investment performance. Finally, the selling strategy has been evidenced to have a better performance than the buying strategy.
Several limitations to this study must be mentioned. First, the gain-loss bound we used might still suffer parameter and model risks. For example, the stochastic process in the stock index involves jumps that are not directly characterized in our model. We infer the jump probability by the option data and the implied risk-neutral probability, indirectly. However, the underlying assets in this study (i.e., S&P 500) are less likely to experience jumps than any of their component equities, and most other underlying assets such as commodities, currencies, and bonds [11] ; how to design an IBT model to handle jumps; or stochastic volatility would be an interesting agenda and could be left for future studies. Second, there exists a trade-off between the trading opportunity and rate of return. When we raise L, the return increases; however, the trading opportunity decreases sharply. When we decrease L, the return decreases; however, the trading opportunity increases. The optimal trade-off strategy between absolute return and trading frequency is not explored in this article. Third, as shown in Figure 5 , a small downside risk in the selling strategy still suffers, which cannot be mitigated or eliminated by the IBT gain-loss bound. To sum up, the IBT model still suffers from misspecification error but is superior to the BS model, while the no-arbitrary pricing model is robust in asset pricing but is too imprecise to be economically interesting. In this paper, the IBT gain-loss price bounds can greatly reduce the weaknesses of IBT model and no-arbitrary pricing model.
On the suggestion for further works, we propose that the objective function in Equation (3) could be revised. For example, we can minimize the difference of an option's implied volatility of Black-Scholes model instead of minimizing the distance of the probability distributions. The implied volatility can avoid the disturbances of size effects of option prices resulting from different exercise prices and time to maturities. Finally, a subjective method to decide the ceiling value of L is also worthwhile for further research. The problem due to the arbitrary chosen ceiling value of L could be left for future studies.
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